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DEVELOPMENT OF AN IDEA OF EISENSTEIN. 
[Quarterly Journal of Mathematics, 1. (1857), pp. 199—203.] 


EISENSTEIN has remarked, in a note among his collected works, that 
the expansion of any negative power of a series of ascending powers of æ 
may be made to depend upon the expansions of the positive powers of 
the same series. The following method which reposes upon the most 
elementary principles of algebra serves to establish this practically important 
proposition. 


Let u= 1l + Ag+ Aa Ht &e, 
Then 
j 1 an 1 Ja ; mk, t(@+1) CS ene 
TE T PT LRA u) + 2 (1 uw) 


ee RENG — uy + &e. 
If now we wish to express the nth power of æ or, in fact, any power of æ 
lower than the nth by means of this series, it is obvious that we may stop at 
the term containing the nth power of 1—w. In general, then, denoting by 
C;,, the coefficient of æ” in u', provided vis greater than _ and not greater 
than n, we have 
1 2 
C4.=-i(1 parret mer 


PETA 


m-i) 
i+] (i+ 2)(¢+ 3)... @+n—-1) 
46.5 5— (14. G42) + bo tS ) Ove 
&c., &e., &e. 
i(i+1).. seat) 
i 1.2.. On» 


GH Ne49. HMO 4 ¡ttl e+ ANd P A 
fis S. (ael) baal, Th .. (n— 2) 
N (i+n-— l) 
payti Ja ciated | 7 
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In practice it will, of course, be always most expedient (on the score of brevity 
of expression) to assume n =v. 


If w=1+ Aya +A, 2°! + &e, 
the condition for the truth of the above equation will be that v shall not 


exceed wn; and then in practice it will be expedient to take n equal to = ; 


if that be an integer, or, if not, to take n, the integer next above = 


We may with propriety denote by C,,, the coefficient of aif in log u*; and 


since 
logu=—{(1—u)+4$(1 —u)?+3 (1 —u) + &e.} 


we shall have, subject to the same conditions as before, 
C.,=(1+1+4 &c. to n terms) 0,» 
—$(14+24+&.+(n—-1))C,, 


+4 (1+3 +6+&o +=- D 
&e., &e. 


(n— l)n (n—2)(n—1)n 
23 2.3? 


In the general theorem suppose i =1, v=n. Then 


=nC,,— Ch, + C;,, &e. + (—)"7 Ss; à 


+1 +1 -1 
CEN atei 4 (er: unie . Yo, . we. + Cyn. 
Thus, to take the example alluded to by Eisenstein, suppose 
x 1 a 
wa galt 50+ Be Bot B= &e, &c., 


so that by the formula - 


Pre _ (2n + 1) mg (2n + 1) (2n)(2n —1) 
(Sat ae ee 1.2.3 


Here 
“ è hw e7*\u 
Cu, ın = coefficient of #” in ( =a ) 


Osan 8c. + Con, on- 


= coefficient of #"*” in 1 — ue” +u “5 ] e™™ &c. + (—)“e-™ 

RAE, ce ad 
(2n + u)! 
AYQ2n+u 

~ (Qn+u)!" 


furts 


— 2n+u F &e.+(—)" um} 


* The rule for any power, positive or negative, of log u deserves investigation ; the case of Co,» 
(using that symbol in a more extended sense than in the text above) containing, as it were, & 
microcosmical reiteration of the whole theory under discussion. 
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Hence 
2n+1)2n AQ 
(=) B, =(2n n){- ee iy 
4 (2n +1) (2n)(2n—1) Aom 
31 mapi & o} 


T J2n+ pen + pon pied +3 
i f Agents | 2n —1 Arm (2n — 1) (2n —2) AOMH oe, 


21 m42 3!  (n+2)(@m4+3) 4! 


, @n—1) (Qn - 2)...1 ee 
(2n + 2)(2n + 3)... 4n (2n + 1)!) ` 
Thus, if n=1, 
A0: 1 A204 
B= 2{- aar 
L's 
=2}-5 49 @- 2.19] 
=? ull ER 
a 2 26), 6 
If n= 2, 


_,/-40 140 140°, 1 al 
B= 4 2 +3 67 a4 * 56120 
Pe EE ae 1 . 
me bs te ai +3) 


+ aap Ho. 346. s-a) 


or = = 
6 40 


=5 l- 60 +20 + 30 +9} 


1 
=- zp 8 B, = zp and so on. 


$ 3 
The annexed independent demonstration of the formula for Fe appertains 
to Mr Cayley. 


Write ` æ =u + hfa, 
then, by Lagrange’s theorem, 
=; , s4 ' s4 
Po= Put? Fufut = ga Fru( Su + = a(S) Pusu 
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or, differentiating with respect to u, 


Wee, z. i Lee o RNT IEA 
AET AAEE (ga) F'u(fuf+...; 
=> 75 


. L 
whence, putting oar ; 
e 1 d? 
= F += d Pu AATE e) zF'u uP +.. 
N E i fe d 4 73 (“Fe du? aue 
Jfa 


which is true identically. 


aan 
Suppose now F'u = F’ we have 


& u. @—u d l /æx—u 
FAPA Y r h 7 ae tL (Ee) we > ufu + &e., 
or, if Ju=1+4+ but+ew+dv+&e., fe=1+ba+ca* + &e., 


and «=0, that is, fv = 1, the formula becomes 


Om Uta (de a) e Taali) «fort 
Whence 
ju ako E (7a) f+ LIS (5) u (fu) 


P na i Al u(fuy + &e., 


; ; : 1 , ne 
which gives the expansion of = when the expansions of the positive powers 


Su 
(fu), (Juf, &e. are known. 
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